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Abstract

Viscoelastic boundary layer flow and heat transfer over an exponential stretching continuous sheet have been exam-
ined in this paper. Approximate analytical similarity solution of the highly non-linear momentum equation and conflu-
ent hypergeometric similarity solution of the heat transfer equation are obtained. Accuracy of the analytical solution
for stream function is verified by numerical solutions obtained by employing Runge-Kutta fourth order method with
shooting. These solutions involve an exponential dependent of stretching velocity, prescribed boundary temperature
and prescribed boundary heat flux on the flow directional coordinate. The effects of various physical parameters like
viscoelastic parameter, Prandtl number, Reynolds number, Nusselt number and Eckert number on various momentum
and heat transfer characteristics are discussed in detail in this work.

© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Numerous applications of viscoelastic fluids in
several industrial manufacturing processes have led to
renewed interest among researchers to investigate visco-
elastic boundary layer flow over a stretching plastic
sheet (Rajagopal et al. [1,2], Dandapat and Gupta [3],
Rollins and Vajravelu [4], Andersson [5], Lawrence
and Rao [6], Char [7] and Rao [8]). Some of the typical
applications of such study are polymer sheet extrusion
from a dye, glass fiber and paper production, drawing
of plastic films etc. A great deal of literature is available
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including those cited above on the two-dimensional vis-
coelastic boundary layer flow over a stretching surface
where the velocity of the stretching surface is assumed
linearly proportional to the distance from a fixed origin.
However, Gupta and Gupta [9] have pointed out that
realistically stretching of the sheet may not necessarily
be linear. This situation was dealt by Kumaran and
Ramanaiah [10] in their work on boundary layer flow
over a quadratic stretching sheet. But their work was
confined to the viscous fluid flow over stretching sheet.

One of the important aspects in this theoretical study
is the investigation of heat transfer processes. This is due
to the fact that the rate of cooling influences a lot to the
quality of the product with desired characteristics. In
view of this Ali [11] investigated thermal boundary layer
by considering a power law stretching surface. A
new dimension has been added in this investigation
by Elbashbeshy [12] who examined the flow and heat
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transfer characteristics by considering exponentially
stretching continuous surface. Elbashbeshy [12] consid-
ered an exponential similarity variable and exponential
stretching velocity distribution on the coordinate consid-
ered in the direction of stretching. However, the works
of Ali [11] and Elbashbeshy [12] are confined to the
study of viscous fluid flow only.

Since, in reality most of the fluids considered in
industrial applications are more non-Newtonian in nat-
ure, specially of viscoelastic type than viscous type, we
extend the work of Elbashbeshy [12] to viscoelastic fluid
flow and heat transfer. Approximate analytical similar-
ity solutions are obtained for velocity distribution by
transforming highly non-linear differential equation into
Riccati type and then solving this sequentially. Similar-
ity solution for temperature is obtained in the form of
confluent hypergeometric function for non-isothermal
boundary conditions of both the types (1) prescribed
surface temperature (PST) of exponential order and (2)
prescribed boundary heat flux (PHF) of exponential
order. The aim of the article is to analyse the effect of
various physical parameters like viscoelastic parameter,
Prandtl number, Reynolds number, Nusselt number
and Eckert number on various momentum and heat
transfer characteristics of boundary layer flow of visco-
elastic second-order fluid over an exponential stretching
continuous surface.

2. Formulation of the problem

The constitutive equation satisfied by second-order
fluid was given by Coleman and Noll [13], following
the postulates of gradually fading memory, as

T = —pl 4 ud, + Ay + 0,42 (2.1)

where T is the Cauchy stress tensor, —pI is the spherical
stress due to constraint of incompressibility, p is the
dynamics viscosity, oj,o, are the material moduli. 4,
and A, are the first two Rivlin—Ericksen tensors and they
are defined as

Ay = (gradq) + (gradq)" (22)
d4
A4, = d—t1+A1(gradq) + (gradq)" - 4, (2.3)

The model Eq. (2.1) was derived by considering up
to second-order approximation of retardation parame-
ter. Dunn and Fosdick [14] have shown that this
model equation is invariant under transformation
and thereby they concluded this model as an exact
model in which the material moduli must satisfy the
restrictions:

u = 0, ol > 07 o + Oy = 0 (24)

The fluid modeled by Eq. (2.1) with the relationship
(2.4) is compatible with the thermodynamics. The third
relation is the consequence of satisfying the Clausius—
Duhem inequality by fluid motion and the second rela-
tion arises due to the assumption that specific Helmholtz
free energy of the fluid takes its minimum values in equi-
librium. But recent experimental results for most of the
non-Newtonian fluids which assumed to be second-
order have contradicted the above relations of Eq.
(2.4). Fosdick and Rajagopal [15] have shown, by using
the data reduction from experiments, that in the case of
a second-order fluid the following relation should holds.

w=0 o<0, o +o#0 (2.5)

They also found that the fluids modeled by Eq. (2.1)
with the relationship (2.5) exhibit some anomalous
behaviour. A detail review on this controversial issue
concerning the status of fluid is recorded in the work
of Dunn and Rajagopal [16]. Now, generally the fluid
satisfied the model Eq. (2.1) with o <0 is termed as
second- order fluid and with o > 0 is termed as second
grade fluid (Rajagopal et al. [2]). Although second-order
fluid, obeying model Eq. (2.1) with oy <a,, o <0,
exhibits some undesirable instability characteristics
(Fosdick and Rajagopal [15]) the second-order approxi-
mation is valid at low shear rate (Rajagopal et al. [2]).

A steady state two-dimensional boundary layer flow
of incompressible second-order viscoelastic fluid over a
stretching sheet has been considered for investigation.
Boundary is assumed to be moving axially with a veloc-
ity of exponential order in axial distance by the applica-
tion of two equal and opposite forces along x-axis
keeping the origin fixed and generating the boundary
layer type of flow. We take into account of frictional
heating due to viscous dissipation as the fluid considered
for analysis is of non-Newtonian type. The governing
boundary layer equations for momentum and heat
transfer in such flow situations (Cortell [17] and
Rajagopal et al. [1]), in the usual form, are

ou v

4= 2.
6x+6y 0 (26)
o o
"o oy
P [ P et
_’ayz " axdy? 0y 0y oxdy Ox 0y?
(2.7)
ua—T+va—T—aaz—T+L Cu 2 (2.8)
Ox dy T pe, \dy '

Here u and v are the velocity components in x and y
direction respectively, y is the kinematic coefficient of
viscosity, ko :“T“‘ is the elastic parameter. Hence, in
the case of second-order fluid flow k, takes positive
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value as o; takes negative value, o = ﬂ— is the thermal
diffusivity, k is the thermal conductivity and other quan-
tities have their usual meanings. In deriving Eq. (2.7) it is
assumed that the normal stress is of the same order of
magnitude as that of the shear stress, in addition to
usual boundary layer approximations. Eq. (2.8) is the
thermal boundary layer equation, which takes into ac-
count the viscous dissipation (the last term in Eq.
(2.8)). However, we assume that the fluid possesses
strong viscous property in comparison with the elastic
property. With this assumption we neglect the contribu-
tion of heat due to elastic deformation.

2.1. Boundary conditions on velocity

For the present physical problem, where the stretch-
ing of the boundary surface is assumed to be such that
the flow directional velocity is of exponential order of
the flow directional coordinate, we employ the following
boundary conditions (Elbashbeshy [12])

u=Uy(x) =Uyexp G), v=20
u=0, u,=0

aty=20
4 (2.9)

as y — oo

Here Uy is a constant, /is the reference length and the
suffix y represents differentiation with respect to y. It is
to note that the first three boundary conditions pre-
scribed by Eq. (2.9) are not sufficient to solve the prob-
lem uniquely. In this regard, let us have a glimpse on the
existing available literature. A critical review on the
boundary conditions and the existence and uniqueness
of the solution have been given by Rajagopal [18]. Most
of the available literature on boundary layer flow of a
viscoelastic fluid over linearly stretching sheets deal with
the three boundary conditions on velocity, which are
one less than the number required to solve the problem
uniquely (Rajagopal et al. [1,2], Rollins and Vajravelu
[4], Andersson [5], Cortell [17] and Mahapatra and Gup-
ta [19]). The augmentation of the boundary condition
has also been discussed in the work of Rajagopal and
Gupta [20]. Troy et al. [21] derived unique solution of
the problem containing exponential terms of similarity
variable. Later Chang [22] showed that the solution
was not unique and derived another closed form of solu-
tion. Subsequently, Lawrence and Rao [6] presented a
general method and derived both the non-unique solu-
tions. Among all the solutions the solution given by
Troy et al. [21] containing exponential term is physically
realistic (Lawrence and Rao [6]) as slightly elastic fluid
(assigning small value of elastic parameter in the equa-
tion) produces a boundary layer only slightly altered in
its dimensions from the viscous one.

In view of the above discussions on boundary condi-
tions we present in the next section the physically realis-
tic sequential similarity solutions of viscoelastic
boundary layer Eq. (2.7).

3. Solution of the momentum equation

Eq. (2.7) may be rewritten in terms of stream func-
tion (x,y) which satisfies the equation of continuity
(2.6). Hence

_w Y
_67 U*_ax (31)

Stream function (x,y) is defined as

x,3) = V2IUof (n) exp (3;) (3.2)

n=y %exp (3) (3.3)

Here f'is the dimensionless stream function and 7 is the
similarity variable. Substitution of Eq. (3.2) in Eq. (2.7)
results in a fourth order non-linear ordinary differential
equation of the form

" 1 3
2];12 _ffm] = Jom — kl {3qumm - Eff}mm] - Efqzrl (34)

ko Uy

7 is the dimensionless viscoelastic

where k] =
parameter.
The corresponding boundary conditions on f are of

the form

f=0, f,=1 atn =20

. X (3.5)
H=0, f,=0 as 1 — oo
Integrating Eq. (3.4), we obtain
.f;m +.ffv;
Ma s o 3
=-5 + \/0 |:3fy7 + kl {3f;7 nmn ffq)];m ;m}:l d'?
(3.6)

where S = —/"(0).
For n — oo, we get

! « 1 3
S = /0 [3 1]2 + kl {3fﬂf;1ﬂﬂ - Eff;mm] A5 ’7’1}:| d11 (37)

Integrating Eq. (3.6) once more, we get

1 A «
f'7+§f2:17S’7+/0 |:/0 3 ;721+k <3fl11f;71'7|’71

1 3.
_szmmmm - Efnzlm)dm}d”z (3:8)

This equation may be solved by substituting suitable
zero-order approximation f\”(n) for f,(y) on the
R.H.S. Hence the solution procedure is reduced to
the sequential solutions of the Riccati-type equation of
the form

1
(n) _ (n)? _ (n—1) p(n—1) p(n—1) p(n-1)
fn + 2f =RHS (f fﬂn > i > (3.9)
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We assume zero-order approximation of f,(n) as
£ (n) = exp(=Son) (3.10)

which satisfies the condition at infinity.
Integrating the expression in Eq. (3.10) we get

ﬂ%mzliﬁgiyﬂ (3.11)

Now we substitute all the derivatives of zero-order
approximation /() into R.H.S of Eq. (3.8) and as-
sume that first-order iteration (i) on the L.H.S. of
Eq. (3.8) satisfies the boundary conditions of (3.5).
Hence we get

_ 3 oy -

Here, the equation for first-order iteration f‘() takes
the form

1,y (3+457)
M) 4 — () — AT T PP0) (0=2S0m
ki (o-s
+5 (e 1) (3.13)

which is a non-linear Riccati type equation and can be
solved for f(y) as a function of confluent hypergeo-
metric function. However, we take zero-order approxi-
mation f©(y) for solving the energy equation in the
next section. This solution would enable us to obtain
analytical solution of energy equation in the form of
confluent hypergeometric function.

The dimensionless skin-friction coefficient Cp is

expressed
1)

3 22 d
(v - kofuy -2
Cr=— ' at y =0
Uexp (%) (3.14)

2mR

b3
" V2Re 2!

Uyl .
where Re = — s the Reynolds number.

4. Solution of the heat transfer equation

In order to solve the temperature Eq. (2.8) we con-
sider two general cases of non-isothermal temperature
boundary conditions, namely:

(A) Boundary with prescribed exponential order surface
temperature (PST) and

(B) Boundary with prescribed exponential order heat
flux (PHF).

4.1. Case A: prescribed exponential order surface
temperature (PST)

In PST case we employ the following surface bound-
ary conditions on temperature
vo—x> aty =0

T:TW:TDC—‘,—TOexp(zl

(4.1)
I'=T, asy— oo

where vo and T are the parameters of temperature dis-
tribution on the stretching surface and 7 is the temper-
ature for away from the stretching sheet.

In order to obtain similarity solution for temperature
we define dimensionless temperature variable as follows:

T-T
On) = —_~
(n) T T

where T, — T, is given by Eq. (4.1). With this the
dimensional energy equation (2.8) takes the following
non-dimensional form.

O,y + Prf0, — Prvof,0 = —PrEf?

m

(4.2)

2 4,
where Pr =L is the Prandtl number and E = CfT"U (5 )T
is the Eckert number Boundary conditions (4.1) of tem-

perature, in non-dimensional form, are
0(0)=1

Boc) = 0 (4.3)

We proceed to solve Eq. (4.2) by using zero-order
approximations of f and f,. Further we introduce the
new variable

&=~ exp(—sum) (4.4)
SO

Substitution of Eq. (4.4) in Egs. (4.2) and (4.3) has led to
the following boundary value problem.

—ES;

SO + (1 =P = &)0; + 10 = Pr*o (4.5)
0 =1 até=-p"

@=1 ar o
0 =0 até=0
where

. P .
P = & is the modified Prandtl number (4.7)

0

The solution of (4.5) is assumed in the form
0(¢) = 0:(S) + 6,(¢) (4.8)

where 0.(¢) is the complementary solution and 0,(&)
stands for particular integral. Making use of the bound-
ary conditions (4.6) we obtain complementary solution
of Eq. (4.5) in the following form of confluent hypergeo-
metric function
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0c(8) = A1 E" M (P — vo, Pr* + 1, &) (4.9)

Closed form particular solution exists if only we choose
vo = 2 and that is obtained as

—ES;

_ mgz (4.10)

05()

Making use of the boundary conditions of Eq. (4.6) and
rewriting the solution in variable 1, we get
0(n) = 0c(n) + 0, (n)
(1 —C))e P 1M (Pr* — 2, Pr* 4 1, —Pr*e=So")
M(Pr =2,P7 +1,-Pr)

+ Cle"zs"”
(4.11a)
where
—ES2pr
=0 4.11
where Kummer’s function M is defined by
> (ao) z"
M (agy, b =1 i
(0,50,2) - ; (bo),n!
(ap), = aolap +1)(ap+2)---(ag+n—1) 412)

(bo), = bo(bo + 1)(bo +2) -+ (bg +n—1)

Dimensionless wall temperature gradient 0,(0) is ob-
tained as:

-1

B (P =2\ M(P" — 1,P +2,-Pr)
6,(0) = (1 = CO)SoPr KWH) M(Er 2.7 11, Pr)

~20,8, (4.13)

It is convenient to analysis heat transfer by means of
dimensionless number of temperature gradient, known
as Nusselt number. The Nusselt number Nu in the pres-
ent case is derived as

Nu = ﬁ (aT)yO - 0,,(0)\/;@_@ (4.14)

(Ty—T oy

where Re, is the local Reynolds number and it is defined
as

4.2. Case B: prescribed exponential order power
law heat flux (PHF)

In this heating process we employ the following pre-
scribed exponential law heat flux boundary conditions.

fk(a—T> =Tlexp<vl+1>x aty=20
W/

T—T, asy— o0

(4.15)

where v, and 7 are the parameters of temperature dis-
tribution on the stretching surface. In order to obtain
similarity solution for temperature we define dimension-
less temperature variable in PHF case as follows

__ T-Tow (4.16)

(n) =
2yl VX
o 2V (M
Y erXp<2z)

With this dimensionless variable and Egs. (3.1)-(3.3),
the temperature Eq. (2.8) takes the form

& + Prfe, — Prvif,g = —PrEf,, (4.17)
where
2k 47\‘]
U Uy = n
E:io(f) and pr="
7 [21\Uo o
c s
ptl UO

Here Pr is the Prandtl number and E is the Eckert
number.

Boundary conditions on non-dimensional tempera-
ture are

g,(0) =-1

olo0) — 0 (4.18)

Eq. (4.17) is the same form as Eq. (4.2). However, the
first boundary condition of Eq. (4.3) differs with that of
Eq. (4.18). Following the same procedure as described in
the PST case and making use of the boundary conditions
(4.18) we derive the solution for g(y#) in the following
form of confluent hypergeometric function.

g(n) = Coe P IMIP — 2, Pr* + 1, —Prie 5]

—2Son
U +Cie (4.19)
Re, =
y where
1-2CS
¢: - Lo
SoPrM(Pr — 2, P 4+ 1, —Pr*) — - P SoM(Pr* — 1, P + 2, —Pr*

and C is given by Eq. (4.11b).
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Dimensionless wall temperature g(0) is obtained as
g(0) = CM(PF —2,P" +1,—P) 4 C, (4.20)

The expression for dimensional wall temperature is

T, (291 X
Ty=Tw+-1/"Zexp (5 421
v =Tt e (7)20 (4.21)

5. Results and discussion

Momentum and heat transfers in a boundary layer
viscoelastic fluid flow over an exponentially stretching
impermeable sheet have been investigated in this paper.
The highly non-linear partial differential equations cha-
racterising flow and heat transfer have been converted to
a set of non-linear ordinary differential equations by
applying suitable similarity transformations. Sequential
solutions of the transformed momentum equation are
obtained by solving the non-linear Riccati type equation
analytically. The zero-order approximate solution for
dimensionless stream function f has been obtained ana-
Iytically which satisfies all the boundary conditions.
First-order approximate solution of f'also can be derived
analytically in the form of confluent hypergeometric
functions. However numerical solutions for f and f,,
using Runge-Kutta fourth order method with shooting,
match very well in the region which is very close to the
boundary with the solution of zero-order (Fig. 1).
Hence, we consider zero-order approximate solutions
of f'and obtain the exact analytical solutions of the heat
transfer equation in the form of confluent hypergeomet-
ric functions. All these solutions involve an exponential
dependence of (i) the similarity variable # (ii) stretching

1.0

1 £
0.8
0.6 zero order analytical solution

R L N numerical solution

0.4
0.2 fn aw

A 0

............ / /f 2T

0.0 T T T T T T —r T |

0 1 2 3 4

n

Fig. 1. Profiles for f{() and f(n), obtained from numerical as
well as analytical method when &} = 0.1.

velocity U,, and (iii) wall temperature distribution 7', on
the coordinate along the direction of stretching.

In order to have some insight of the flow and heat
transfer characteristics, results are plotted graphically
for typical choice of physical parameters in Figs. 2-5
and Tables 1 and 2. Velocity distributions f; (i) for dif-
ferent values of viscoelastic parameter k| are shown in
Fig. 2. From this figure we notice that effect of viscoelas-
tic parameter k| is to decrease velocity throughout
the boundary layer flow field which is quite obvious.
Fig. 3 demonstrates the graph of non-dimensional skin-
friction parameter Cyvs. viscoelastic parameter k] for dif-
ferent values of Reynolds number Re. From this figure
we observe that the increase of non-dimensional visco-
elastic parameter k) leads to the decrease of skin-friction
parameter Cy. This is due to the fact that elastic property

Fig. 2. Velocity profile ;) () for different values of viscoelastic
parameter k7.

0.8

0.6

0.2

0.0 I I I I
0.00 0.05 0.10 0.15 0.20 0.25 0.30

K,

Fig. 3. Graph of skinfriction parameter C; vs. viscoelastic
parameter k] for differentvalues of local Reynolds number Re.
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om)

Fig. 4. Dimensionless temperature profile 0(n) for various
values of Prandtl number Pr and Eckert number E in PST case.

Fig. 5. Dimensionless temperature profile g(n) for various
values of Prandtl number Pr and Eckert number E in PHF case.

Table 1

Wall temperature gradient —0,(0) in PST case for different
values of Prandtl number Pr, Eckert number E and viscoelastic
parameter k|

K Pr E —0,(0)
107° 3 0 2.449
0.2 2.410
107° 5 3.257
0.2 3.219
1070 3 2 0.363
0.2 —0.053
107° 5 0.227
0.2 —0.385

Table 2
Wall temperature g(0) in PHF case for different values of
Prandtl number Pr, Eckert number E and viscoelastic para-
meter k|

kY Pr E 2(0)

107° 3 0 0.408
0.2 0.415
107° 5 0.307
0.2 0.311
107° 3 2 1.259
0.2 1.437
10~° 5 1.237
0.2 1.430

in viscoelastic fluid reduces the frictional force. This re-
sult may have great significance in polymer proceeding
industry, as the choice of higher order viscoelastic fluid
would reduce the power consumption for stretching
the boundary sheet. We obtain the similar effect of
Reynolds number on the skin-friction coefficient as
reduction of viscosity of the fluid result in the decrease
of frictional force or drag force.

The effect of Prandtl number Pr on heat transfer may
be analysed from Figs. 4 and 5 in PST and PHF cases
respectively. These graphs reveal that the increase of
Prandtl number Pr results in the decrease of temperature
distribution at a particular point of the flow region. This
is because there would be a decrease of the thermal
boundary layer thickness with the increase of values of
Prandtl number Pr. The increase of Prandtl number
means slow rate of thermal diffusion. It is obvious that
the wall temperature distribution is at unity on the wall
in PST case for all values of Pr, E and k}. However, it
may be other than the unity in the PHF case due to adi-
abatic temperature boundary condition. The effect of
increasing the values of viscoelastic parameter k| is seen
to increase the temperatures distribution in the flow re-
gion. This is in conformity with the fact that increase
of non-Newtonian viscoelastic parameter leads to the in-
creases of thermal boundary layer thickness. The results
of PHF cases are qualitatively similar to that of PST case
but quantitatively they are different. The graphs reveal
that the effect of increasing the values of Eckert number
E is to increase temperature distribution 0(x) in the flow
region in both the cases of PST and PHF. This behaviour
of temperature enhancement occurs as heat energy is
stored in the fluid due to frictional heating.

Numerical values of wall temperature gradient
—0,(0) in PST case for different values of Prandtl num-
ber Pr, Eckert number E and viscoelastic parameter k)
are recorded in Table 1. The table reveals that the in-
crease of the values of Prandtl number Pr for E=0
and (E # 0) results in the increase of the values of wall
temperature gradient —0,(0). We notice that wall tem-
perature gradient —0,(0) is decreased by increasing the
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values of the viscoelastic parameter k}. The effect of vis-
cous dissipation (E # 0) is to reduce the wall tempera-
ture gradient —0,(0). Hence, by increasing the values
of viscoelastic parameter k] and Eckert number E we
can control heat transfer considerably. Significant in-
crease of Eckert number might reverse the direction of
heat transfer to the stretching sheet.

Table 2 is plotted for the different values of Prandtl
number Pr, Eckert number E and viscoelastic parameter
kj for wall temperature g(0) in PHF case. Analysis of the
tabular results shows that as the value of Prandtl num-
ber Pr increases for both £=0 and E # 0 the wall tem-
perature g(0) decreases and increasing the values of
viscoelastic parameter k| leads to the increase of wall
temperature g(0).

6. Conclusions

A mathematical analysis has been carried out for
momentum and heat transfer in a viscoelastic fluid flow
over an exponentially stretching impermeable sheet.
Highly non-linear differential equations are converted
into a set of ordinary differential equations by applying
similarity transformations and sequential solutions of
the transformed momentum equation are obtained ana-
lytically by solving the non-linear Riccati type equation
repeatedly. Zero-order approximate solution for stream
function f'is compared with the numerical solution ob-
tained by employing Runge—Kutta fourth order method
with shooting and desired accuracy has been achieved.
Solutions for heat transfer equation are derived in the
form of confluent hypergeometric function for both cases
(1) prescribed surface temperature (PST) and (ii) pre-
scribed boundary heat flux (PHF). Expressions are also
obtained for dimensionless skin-friction coefficients Cy
and Nusselt number Nu. The derived solutions involve
an exponential dependence of stretching velocity, pre-
scribed boundary temperature and prescribed boundary
heat flux on the flow directional coordinate.

The important findings of the graphical analysis of
the results of the present problem are as follows:

1. The effect of increasing the values of viscoelastic
parameter k] is to decrease the velocity throughout
the boundary layer.

2. The effect of increasing the values of viscoelastic
parameter k] is to decrease the skin-friction parame-
ter C; and the effect of Reynolds number is also to
decrease skin-friction coefficient Cy.

3. The effect of increasing the values of Prandtl number
Pr is to decrease temperature distribution in the flow
region.

4. The effect of increasing the values of viscoelastic
parameter k) is to increase the temperature distribu-
tion in the flow region.

5. The effect of increasing the values of Prandtl number
Pr is to increase of wall temperature gradient —0,(0)
whereas the effect of viscoelastic parameter k] is to
decrease wall temperature gradient —0,(0).

6. We can control heat transfer considerably by increas-
ing the values of viscoelastic parameter k] and Eckert
number E. Significant increase of Eckert number
might reverse the direction of heat transfer to the
stretching sheet.

Acknowledgment

This work is supported by University Grants Com-
mission, New Delhi, under Special Assistance Pro-
gramme DRS. The valuable Reviewers suggestions are
greatly acknowledged.

References

[1]1 K.R. Rajagopal, T.Y. Na, A.S. Gupta, Flow of a visco-
elastic fluid over a stretching sheet, Rheol. Acta 23 (1984)
213-215.

[2] K.R. Rajagopal, T.Y. Na, A.S. Gupta, A non similar
boundary layer on a stretching sheet in a non-Newtonian
fluid with uniform free stream, J. Math. Phys. Sci. 21 (2)
(1987) 189-200.

[3] B.S. Dandapat, A.S. Gupta, Flow and heat transfer in a
viscoelastic fluid over a stretching sheet, Int. J. Non-linear
Mech. 24 (3) (1989) 215-219.

[4] D. Rollins, K. Vajravelu, Heat transfer in a second-order
fluid over a continuous stretching surface, Acta Mech. 89
(1991) 167-178.

[5] HI. Andersson, MHD flow of a viscoelastic fluid
past a stretching surface, Acta Mech. 95 (1992) 227-
230.

[6] P.S. Lawrence, B.N. Rao, Heat transfer in the flow of
viscoelastic fluid over a stretching sheet, Acta Mech. 93
(1992) 53-61.

[7] ML.1. Char, Heat and mass transfer in a hydromagnetic flow
of viscoelastic fluid over a stretching sheet, J. Math. Anal.
Appl. 186 (1994) 674-689.

[8] B.N. Rao, Technical note: Flow of a fluid of second grade
over a stretching sheet, Int. J. Non-Linear Mech. 31 (4)
(1996) 547-550.

[9] P.S. Gupta, A.S. Gupta, Heat and mass transfer on a
stretching sheet with suction or blowing, Can. J. Chem.
Eng. 55 (1977) 744-746.

[10] V. Kumaran, G. Ramanaiah, A note on the flow over a
stretching sheet, Acta Mech. 116 (1996) 229-233.

[11] ML.E. Ali, On thermal boundary layer on a power law
stretched surface with suction or injection, Int. J. Heat
Mass Flow 16 (1995) 280-290.

[12] E.M.A. Elbashbeshy, Heat transfer over an exponentially
stretching continuous surface with suction, Arch Mech. 53
(6) (2001) 643-651.

[13] B.D. Coleman, W. Noll, An approximation theorem for
functionals with applications in continuum mechanics,
Arch. Rat. Mech. Anal. 6 (1960) 355-370.



1542 S.K. Khan, E. Sanjayanand | International Journal of Heat and Mass Transfer 48 (2005) 1534-1542

[14] J.E. Dunn, R.L. Fosdick, Thermodynamics, stability and
boundedness of fluids of complexity 2 and fluids of second
grade, Arch. Rational Mech. Anal. 56 (1974) 191-252.

[15] R.L. Fosdick, K.R. Rajagopal, Anomalous features in the
model of second order fluids, Arch. Ration. Mech. Anal.
70 (1979) 145-152.

[16] J.E. Dunn, K.R. Rajagopal, Fluids of differential type-
critical review and thermodynamic analysis, Int. J. Eng.
Sci. 33 (1995) 689-729.

[17] Rafael Cortell, Similarity solutions for flow and heat
transfer of a viscoelastic fluid over a stretching sheet, Int. J.
Non-Linear Mech. 29 (2) (1994) 155-161.

[18] K.R. Rajagopal, On the boundary conditions for fluids of
the differential type, in: A. Sequeira (Ed.), Navier—Stokes

Equation and Related Non-linear Problems, Plenum Press,
New York, 1995, pp. 273-278.

[19] T.R. Mahapatra, A.S. Gupta, Stagnation-point flow of a
viscoelastic fluid towards a stretching surface, Int. J. Non-
Linear Mech. 39 (2004) 811-820.

[20] K.R. Rajagopal, A.S. Gupta, An exact solution for the
flow of a non-Newtonian fluid past an infinite plate,
Meccanica 19 (1984) 158-160.

[21] W.C Troy, E.A. Overman H, G.B. Ermentrout, J.P.
Keener, Uniqueness of flow of a second-order fluid past a
stretching sheet, Quart. Appl. Math. 44 (4) (1987) 753-755.

[22] Wen-Dong Chang, The non-uniqueness of the flow of a
viscoelastic fluid over a stretching sheet, Quart. Appl.
Math. 47 (2) (1989) 365-366.



	Viscoelastic boundary layer flow and heat transfer over an exponential stretching sheet
	Introduction
	Formulation of the problem
	Boundary conditions on velocity

	Solution of the momentum equation
	Solution of the heat transfer equation
	Case A: prescribed exponential order surface temperature (PST)
	Case B: prescribed exponential order power�law heat flux (PHF)

	Results and discussion
	Conclusions
	Acknowledgment
	References


